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We study the entanglement between two modes of Dirac field in an expanding spacetime charac-
terized by the Robertson-Walker metric. This spacetime model turns out to be asymptotically (in
the remote past and far future regions) Minkowskian. Then, on the one hand we show entanglement
creation between particles and anti-particles when passing from remote past to far future. On the
other hand we show that particles entanglement in the remote past degrades into the far future.
These effects are traced back to particles creation. In our analysis we highlight the role of spin
(polarization) of particles and compare the results with those obtainable without accounting for it.
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I. INTRODUCTION
Entanglement was recognized since the early days of quantum mechanics as “the characteristic trait of quantum
mechanics” [1]. In fact it is a property unique to quantum systems. Actually two systems (particles) are said to be
entangled if they are described by a density operator that cannot be written as a weighted sum of product density
operators. In such a case, the two systems can be said not to have a state of their own, even though they may be
arbitrarily far apart. As a consequence they posses correlations that go beyond what is classically possible.
Recently the notion of entanglement has been re-discovered in the context of quantum information theory where it
has been recognized as a resource for quantum information processing [2]. This renewed interest on entanglement was
mainly confined on non-relativistic scenarios. Nevertheless, boosts for relativistic extensions of quantum information
theory come from scenarios like black hole physics, quantum gravity and quantum cosmology [3]. Then, relativistic
properties of entanglement have started to be investigated within special relativity. For instance, entanglement
was found to be an observer-dependent property that is degraded from the perspective of moving observers [4, 5].
These results suggest that also in curved spacetime entanglement might not be an invariant [6–9]. There, the study
of entanglement becomes particularly difficult. In fact, differently from Minkowski spacetime, in curved spacetime
one does not have the Poincare symmetry group [10]. This makes the classification of particles rather ambiguous.
Their definition requires that in the distant past and in the far future spacetime tends to Minkowskian spacetime.
Taking this approach it has been possible to learn about certain aspects of entanglement in curved spacetimes [11–
14]. A suitable metric for a curved spacetime satisfying the above requirements turns out to be the (conformally
flat) Robertson-Walker metric [10]. Then in Ref.[15] the creation of entanglement between Dirac modes due to the
expansion of a Robertson-Walker spacetime has been studied. However, the analysis was confined to spin-less particles.
Here, resorting to the same spacetime model, we account for the spin degrees of freedom in studying entanglement
properties of Dirac modes. Besides revisiting the possibility of entanglement creation, we also address the issue of
entanglement degradation. All these effects are traced back to particles creation in the expanding spacetime. Actually
we evaluate, when passing from remote past to far future, the amount of entanglement created between particles and
anti-particles, as well as the amount of destroyed entanglement between particles. In doing that a comparison of
results with the case of spin-less particles is provided.
The paper is organized as follows. In Section II we introduce the Dirac spinors in Robertson-Walker spacetime.
Then Bogolyubov transformations between Minkowskian regions are derived in Section III where the effect of particles
creation is also discussed. In Section IV we address the issue of particles-anti-particles entanglement creation, while
in Section V we discuss the degradation of entanglement. Conclusions are drawn in Section VI.
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2II. DIRAC SPINORS ON ROBERTSON-WALKER SPACETIME
In curved spacetime the definition of particle requires that in the distant past and in the far future spacetime tends
to Minkowskian spacetime [10]. This happens if a gravitational field is present only for a certain period of time. In this
case, there are natural in (remote past) and out (far future) vacuum states. In these asymptotic in- and out-regions
the influence of curved space-time diminishes in such a way that the concept of a particle may be introduced. The
relation between the corresponding mode functions is described by a certain set of Bogolyubov coefficients. Since the
choice of the in and out vacuum states is unique for all inertial particle detectors, one obtain a total number density
of particles. This is the density of particles produced by gravity in a spacetime where the field was initially in the
natural vacuum state. The created particles are observed at late times, when gravity is inactive and the definition of
particles is again possible.
To implement this procedure we start by considering the Robertson-Walker line element [10]
ds2 = a2(η)(−dη2 + dx2 + dy2 + dz2), (1)
where the dimensionless conformal time η is related to cosmological time t by η =
∫
a−1(t)dt. Here a(η) is the scale
factor determining the spacetime expansion rate. We assume flat spacetime as η → ±∞. The covariant generalization
of Dirac equation for Dirac field ψ of mass m on a curved background is given by
(γ˜µ(∂µ + Γµ) +m)ψ = 0, (2)
where the curved gamma matrices γ˜µ are related to flat ones through γ˜µ := a−1γµ and the spin connections read
Γµ =
1
4
a˙
a
[γµ, γ0]. (3)
Here and below dot denotes the derivative with respect to conformal time η.
Writing ψ = a−3/2(γν∂ν −M)ϕ, with M = ma(η), in (2) we get
gµν∂µ∂νϕ− γ0M˙ϕ−M2ϕ = 0, (4)
being gµν the flat metric as opposed to the actual spacetime metric g˜µν . Moreover, given the flat spinors ud and vd
(with d =↑, ↓) satisfying the relations
γ0ud = −iud, γ0vd = ivd, (5)
we set
ϕ := N (∓)f (∓)(η)ude
∓ip·x, or ϕ := N (∓)f (∓)(η)vde
∓ip·x, (6)
with x, p position and momentum vectors in R3. The functions f (±) obey the differential equation
f¨ (±) +
(
|p|2 +M2 ± iM˙
)
f (±) = 0. (7)
Actually f (−) and f (+) are positive and negative frequency modes with respect to conformal time η near the asymptotic
past and future, i.e. if˙ (±)(η) ≈ ∓Ein/outf (±)(η) with
Ein/out =
√
|p|2 +M2in/out. (8)
Now we can introduce the spinors that behave respectively like positive and negative energy spinors in the asymptotic
regions, namely
U(p, d,x, η) := U(p, d, η)e−ip·x = N (−)(γν∂ν −M)f (−)(η)ude−ip·x, (9)
V (p, d,x, η) := V (p, d, η)eip·x = N (+)(γν∂ν −M)f (+)(η)vdeip·x, (10)
By defining U¯ := iU †γ0 and V¯ := iU †γ0, we get the orthonormality relations U¯dUd′ = δdd′ , V¯dVd′ = −δdd′ that lead
to the normalization constants
N (+) = N (−) =
1√
2Min/out(Ein/out +Min/out)
. (11)
3Then, the normalized spinors read
Uin/out(p, d, η) =
1√
2Min/out(Ein/out +Min/out)
(
−if˙ (−)(η)−Mf (−)(η) + if (−)(η)γ · p
)
ud, (12)
Vin/out(p, d, η) =
1√
2Min/out(Ein/out +Min/out)
(
+if˙ (+)(η)−Mf (+)(η)− if (+)(η)γ · p
)
vd, (13)
and in the asymptotic regions they reduce to the flat ones
uin/out(p, d) :=
i 6 p−Min/out√
2Min/out(Ein/out +Min/out)
ud, (14)
vin/out(p, d) := −
i 6 p+Min/out√
2Min/out(Ein/out +Min/out)
vd. (15)
III. BOGOLYUBOV TRANSFORMATION AND PARTICLE CREATION
Let us assume {Uin, Vin} and {Uout, Vout} to be two complete sets of mode solutions for the Dirac equation (4) which
define particles and anti-particles in asymptotic regions and have corresponding vacua, |0〉in and |0〉out respectively.
Physically, |0〉in is the state with no incoming particles (anti-particles) in remote past and |0〉out is the state with no
outgoing particles (anti-particles) in the far future. When η → ±∞, the spacetime is flat and the dynamics of the
field is that of the free field. So we have two natural quantization of the field, associated with two Fock spaces. The
Dirac field operator can hence be written as
ψ(x, η) =
∫
dp
∑
d
[
ain(p, d)Uin(p, d, η)e
ip·x + b†in(p, d)Vin(p, d, η)e
−ip·x
]
, (16)
=
∫
dp
∑
d
[
aout(p, d)Uout(p, d, η)e
ip·x + b†out(p, d)Vout(p, d, η)e
−ip·x
]
, (17)
where ain, bin and aout, bout are annihilation operators of particles and anti-particles in the in and out asymptotic
regions respectively. Actually ain and bin differ from aout and bout because they do not correspond to physical
particles outside the in region. However, it is possible to relate the operators of in-particles to those of out-particles
by Bogolyubov transformation [10]. Since each set of spinors is complete we can write down one set in terms of the
other, e.g.
Uin(p, d, η) = A(p)Uout(p, d, η) + βd,−d(p)Vout(−p, d, η), (18)
Vin(p, d, η) = ρd,−d(p)Uout(−p, d, η) + C(p)Vout(p, d, η), (19)
where −d stands for the opposite spin projection of d. These relations and the complex coefficients A, C, βdd′ , ρdd′ are
called respectively Bogolyubov transformations and Bogolyubov coefficients. As consequence, the in and out ladder
operators of particles and anti-particles are related by the unitary transformation(
ain(p, d)
b†in(−p,−d)
)
=
( A∗(p) β∗d,−d(p)
ρ∗−d,d(−p) C∗(−p)
)(
aout(p, d)
b†out(−p,−d)
)
. (20)
By using anticommutation relations we obtain that the entries of such unitary matrix (the Bogolyubov coefficients)
satisfy the following relations
|A(p)|2 + |βd,−d(p)|2 = 1, (21)
|ρd,−d(p)|2 + |C(p)|2 = 1, (22)
A∗(p)ρd,−d(−p) + β∗d,−d(p)C(−p) = 0. (23)
In the in region, the spacetime is Minkowskian and the vacuum of the field is |0〉in, but this state is not regarded
by inertial observers in the out region as the physical vacuum (this role being reserved to the state |0〉out). We can
therefore describe this quantum ‘evolution’ as creation of particles due to spacetime expansion. The expectation
value of the out number of particles in the in vacuum (i.e., number of created particles) with momentum p and spin
projection d is
np(p, d) := 〈0in|a†out(p, d)aout(p, d)|0in〉 = |ρd,−d(−p)|2. (24)
4Similarly, the expectation value of out number of anti-particles in the in vacuum (i.e., number of created anti-particles)
is
na(p, d) := 〈0in|b†out(p, d)bout(p, d)|0in〉 = |βd,−d(−p)|2. (25)
Then, the total number of created particles with momentum p (total number density) results by combining (24) and
(25) and summing up over spin projections
n(p) :=
∑
d
[np(p, d) + na(p, d)] =
∑
d
[|ρd,−d(−p)|2 + |βd,−d(−p)|2] . (26)
Being f (−)(η) and f (+)(η) positive and negative frequency modes in asymptotic regions, we can write the Bo-
golyubov transformation between them as follows
f
(−)
in (η) = A
(−)(p)f
(−)
out (η) +B
(−)(p)f
(+)
out (η), (27)
f
(+)
in (η) = A
(+)(p)f
(+)
out (η) +B
(+)(p)f
(−)
out (η). (28)
Since f
(+)
in (η) = f
∗(−)
in (η) we have
A(+) = A∗(−), B(+) = B∗(−). (29)
By inserting (27) and (28) in (12) and (13) and using Bogolyubov transformations (18) and (19) in limit η → +∞,
we obtain the Bogolyubov coefficients as follows
A(p) = C∗(p) =
√
Eout
Ein
Eout + µout
Ein + µin
A(−), (30)
β−d,d(p) = −ρ∗d,−d(−p) = i
v†−dγ · pud√
Ein
Eout
(Eout + µout)(Ein + µin)
B(−), (31)
where Ein/out are given by (8). As result (20) becomes(
ain(p, d)
b†in(−p,−d)
)
=
( A∗ β∗d,−d
−βd,−d A
)(
aout(p, d)
b†out(−p,−d)
)
. (32)
IV. ENTANGLEMENT CREATION
Here we want to investigate the possibility of particle and anti-particle entanglement when passing from in to out
region. Then, to find the relation between in and out states we proceed as follows. First, notice that the vacuum state
in the in region is a many particles state in the out region due to particles creation during the expansion. Then if we
restrict our attention to a single mode of momentum p we can limit the occupation number to 2 in the out region,
i.e. vacuum, one particle, and two particles states can exist in the out region. The same holds true for anti-particles
of mode −p. Consequently we would have
|0p; 0−p〉in = A|0p; 0−p〉out +B| ↑p; ↓−p〉out + C| ↓p; ↑−p〉out +D| ↑↓p, ↑↓−p〉out, (33)
where, besides particle and antiparticle vacuum in the out region |0p; 0−p〉out, we have
| ↑p; ↓−p〉out := a†out(p, ↑)b†out(−p, ↓)|0p; 0−p〉out = −b†out(−p, ↓)a†out(p, ↑)|0−p; 0p〉out, (34)
| ↑↓p; 0−p〉out := a†out(p, ↑)a†out(p, ↓)|0p; 0−p〉out = −a†out(p, ↓)a†out(p, ↑)|0p; 0−p〉out = −| ↓↑p; 0−p〉out, (35)
and A,B,C,D are coefficients to determine.
In writing Eq.(33) we have used the fact that in the r.h.s. there must be no neat angular momentum likewise the
l.h.s. Then, the coefficients A,B,C,D can be derived by noticing that ain(p, d) acting on the vacuum gives zero and
by using (32). It turns out that
|0p; 0−p〉in = |A|2
(
|0p; 0−p〉out −
β∗↑↓
A∗ | ↑p; ↓−p〉out −
β∗↓↑
A∗ | ↓; ↑−p〉out +
β∗↑↓β
∗
↓↑
A∗2 | ↑↓p, ↑↓−p〉out
)
, (36)
5where we have omitted the explicit momentum dependence of Bogolyubov coefficients A and βd,−d.
By means of (32) and (36) we can also get
| ↑p; 0−p〉in := a†in(p, ↑)|0p; 0−p〉in =
A
A∗
(A∗| ↑p; 0−p〉out − β∗↑↓| ↑↓p; ↑−p〉out) ,
| ↓p; 0−p〉in := a†in(p, ↓)|0p; 0−p〉in =
A
A∗
(A∗| ↓p; 0−p〉out − β∗↑↓| ↑↓p; ↓−p〉out) ,
| ↑↓p; 0−p〉in := a†in(p, ↑)a†in(p, ↓)|0p; 0−p〉in =
A
A∗ | ↑↓p; 0−p〉out,
| ↓↑p; 0−p〉in := a†in(p, ↓)a†in(p, ↑)|0p; 0−p〉in =
A
A∗ | ↓↑p; 0−p〉out. (37)
The particle anti-particle density operator corresponding to the out region state (36) reads
̺
(out)
p,−p =
1
2
[
|A|4|0p; 0−p〉〈0p; 0−p| − 2AA∗2β↑↓|0p; 0−p〉〈↑p; ↓−p |
− 2AA∗2β↓↑|0p; 0−p〉〈↓p; ↑−p |+ 2A∗2β↑↓β↓↑|0p; 0−p〉〈↑↓p; ↑↓−p |
+ |A|2|β↑↓|2| ↑p; ↓−p〉〈↑p; ↓−p |+ 2|A|2β∗↑↓β↓↑| ↑p; ↓−p〉〈↓p; ↑−p | − 2A∗|β↑↓|2β↓↑| ↑p; ↓−p〉〈↑↓p; ↑↓−p |
+ |A|2|β↓↑|2| ↓p; ↑−p〉〈↓p; ↑−p | − 2A∗β↑↓|β↓↑|2| ↓p; ↑−p〉〈↑↓p; ↑↓−p |
+ |β↑↓|2|β↓↑|2| ↑↓p; ↑↓−p〉〈↑↓p; ↑↓−p |
]
+ h.c.. (38)
To evaluate the amount of entanglement of (38) we use the logarithmic negativity [16]. It is defined as
N(̺) := log2 ‖̺PT ‖1, (39)
where ‖̺PT ‖1 is the trace-norm of the partial (with respect to only one subsystem) transpose of ̺, i.e. the sum of
the absolute values of the eigenvalues of ̺PT (since it is hermitian).
Notice that from (24) we have
|β↑↓|2 = np(↓), |β↓↑|2 = np(↑). (40)
Then, refereeing to (26) and assuming np(↑) = np(↓) = na(↑) = na(↓) = n/4, we obtain the coefficients appearing in
(38) solely depending on n, that is
|A|2 = 4− n
4
, |β↑↓|2 = |β↓↑|2 = n
4
. (41)
Notice further that the density operator (38) lives in the Hilbert space C4 × C4. Taking the basis {|0p〉, | ↑p〉, | ↓p
〉, | ↑↓p〉} ⊗ {|0−p〉, | ↑−p〉, | ↓−p〉, | ↑↓−p〉} we can represent it as a 16× 16 matrix and then compute the eigenvalues of
its partially transpose according to (39). Finally it results
LN
(
̺
(out)
p,−p
)
= 2 log2
[
1 +
1
2
√
n(4− n)
]
. (42)
It is worth remarking that LN is a concave function of n taking minimum value (zero) for n = 0 and n = 4 and
maximum value (two) for n = 2.
A. Entanglement creation for spin-less particles
In the case of spinless particles we have two Bogolyubov coefficients A and β no longer depending on spin indexes
and satisfying |A|2 + |β|2 = 1 similarly to (21). Moreover, refereeing again to (26) we now assume np = na = n/2
and Eq.(41) becomes
|A|2 = 2− n
2
, |β|2 = n
2
. (43)
To find the relation between in and out states we proceed as above, writing
|0p; 0−p〉in = A|0p; 0−p〉out +B|1p; 1−p〉out, (44)
6with unknown coefficients A,B. In this case Bogolyubov transformation (32) reads(
ain(p)
b†in(−p)
)
=
( A∗ β∗
β A
)(
aout(p)
b†out(−p)
)
. (45)
Then, imposing ain(p)|0p; 0−p〉in = 0 and using Eq.(45) we can determine A and B obtaining
|0p; 0−p〉in = 1√
1 + |β/A|2 (|0p; 0−p〉out −
β∗
A∗ |1p; 1−p〉out). (46)
It results further
|1p; 0−p〉in = |1p; 0−p〉out. (47)
The density operator in the out region corresponding to (46) reads
̺
(out)
p,−p =
1
2
[ |A|2
|A|2 + |β|2 |0p; 0−p〉〈0p; 0−p| − 2
βA∗
|A|2 + |β|2 |0p; 0−p〉〈1p; 1−p|+
|β|2
|A|2 + |β|2 |1p; 1−p〉〈1p; 1−p|
]
+ h.c., (48)
and it lives in the Hilbert space C2 ⊗ C2. Here, taking the basis {|0p〉, |1p〉} ⊗ {|0−p〉, |1−p〉} we can represent it
as a 4 × 4 matrix and evaluate the eigenvalues of its partially transposed according to (39). Then, the amount of
entanglement of (48) results
LN
(
̺
(out)
p,−p
)
= log2
[
1 +
√
n(2− n)
]
. (49)
Also in this case LN results a concave function of n taking however minimum value (zero) for n = 0 and n = 2 and
maximum value (one) for n = 1. Notice that this result for spinless particles entanglement creation is consistent with
the one that can be drawn in terms of subsystem’s entropy from Ref.[15].
V. ENTANGLEMENT DEGRADATION
In this Section we want to study how the entanglement between particles is affected by ‘evolution’ from in to
out-region.
Let us start from two-mode maximally entangled state for particles and vacuum for antiparticles
|Φp,q;−p,−q〉in = 1
2
(|0p, 0q〉+ | ↑p, ↑q〉+ | ↓p, ↓q〉+ | ↑↓p, ↑↓q〉)in |0−p, 0−q〉in. (50)
For the sake of simplicity we assume Bogolyubov coefficients to be smooth varying functions of momentum so that
choosing p and q to be close each other we have βd,−d(p) ≈ βd,−d(q) and A(p) ≈ A(q). Being these coefficients
effectively dependent only on one argument, we omit it in the following. Then, using the in-out relations (36) and
(37) on each mode, we get
|Φp,q;−p,−q〉in = |A|
4
2
[
|0p, 0q〉|0−p, 0−q〉 −
β∗↑↓
A∗ |0p, ↑q〉|0−p, ↓−q〉 −
β∗↓↑
A∗ |0p, ↓q〉|0−p, ↑−q〉+
β∗↑↓β
∗
↓↑
A∗2 |0p, ↑↓q〉|0−p, ↑↓−q〉
− β
∗
↑↓
A∗ | ↑p, 0q〉| ↓−p, 0−q〉+
β∗2↓↑
A∗2 | ↑p, ↑q〉| ↓−p, ↓−q〉+
β∗↑↓β
∗
↓↑
A∗2 | ↑p, ↓q〉| ↓−p, ↑−q〉
− β
∗2
↑↓β
∗
↓↑
A∗3 | ↑p, ↑↓q〉| ↓−p, ↑↓−q〉 −
β∗2↓↑
A∗ | ↓p, 0q〉| ↑−p, 0−q〉+
β∗↑↓β
∗
↓↑
A∗2 | ↓p, ↑q〉| ↑−p, ↓−q〉
− β
∗2
↓↑β
∗
↑↓
A∗3 | ↑p, ↑↓q〉| ↓−p, ↑↓−q〉+
β∗2↓↑
A∗2 | ↓p, ↓q〉| ↑−p, ↑−q〉 −
β∗↑↓β
∗2
↓↑
A∗3 | ↓p, ↑↓q〉| ↑−p, ↑↓−q〉
+
β∗↓↑β
∗
↑↓
A∗2 | ↑↓p, 0q〉| ↑↓−p, 0−q〉+
β∗2↓↑
A∗2 | ↓p, ↓q〉| ↑−p, ↑−q〉 −
β∗↓↑β
∗2
↑↓
A∗3 | ↑↓p, ↑q〉| ↑↓−p, ↓−q〉
− β
∗2
↓↑β
∗
↑↓
A∗3 | ↑↓p, ↓q〉| ↑↓−p, ↑−q〉+
β∗2↑↓β
∗2
↓↑
A∗2 | ↑↓p, ↑↓q〉| ↑↓−p, ↑↓−q〉
]
out
+
A
2A∗2
[
A∗2| ↑p, ↑q〉|0−p, 0−q〉 − β∗↓↑A∗| ↑p, ↑↓q〉|0−p, ↑−q〉 − β∗↓↑A∗| ↑↓p, ↑q〉| ↑−p, 0−q〉
+ β∗2↓↑| ↑↓p, ↑↓q〉| ↑−p, ↑−q〉+A∗2| ↓p, ↓q〉|0−p, 0−q〉+ β∗↑↓A∗| ↓p, ↑↓q〉|0−p, ↓−q〉
+ β∗↑↓A∗| ↑↓p, ↓q〉| ↓−p, 0−q〉+ β∗2↑↓| ↑↓p, ↑↓q〉| ↓−p, ↓−q〉+ | ↑↓p, ↑↓q〉|0−p, 0−q〉
]
out
. (51)
7Then performing the trace over anti-particles (modes −p,−q) in the out region we get the particles state there
̺
(out)
p,q = Tr−p−q(|Φ〉in〈Φ|). Explicitly it is
̺(out)p,q =
1
8
[
|A|8|0p, 0q〉〈0p, 0q|+ 2A∗4A2|0p, 0q〉〈↑p, ↑q |+ 2A∗4A2|0p, 0q〉〈↓p, ↓q |+ 2A∗4|0p, 0q〉〈↑↓p, ↑↓q |
+ |A|6|β↑↓|2|0p, ↑q〉〈0p, ↑q | − 2A∗3A|β↑↓|2|0p, ↑q〉〈↓p, ↑↓q |
+ |A|6|β↓↑|2|0p, ↓q〉〈0p, ↓q |+ 2A∗3A|β↓↑|2|0p, ↓q〉〈↑p, ↑↓q |
+ |A|4|β↓↑|2|β↑↓|2|0p, ↑↓q〉〈0p, ↑↓q |
+ |A|6|β↑↓|2| ↑p, 0q〉〈↑p, 0q| − 2A∗3A|β↑↓|2| ↑p, 0q〉〈↑↓p, ↓q |
+ |A|4 (|β↑↓|4 + 1) | ↑p, ↑q〉〈↑p, ↑q |+ 2|A|4| ↑p, ↑q〉〈↓p, ↓q |+ 2A∗2 (|β↑↓|4 + 1) | ↑p, ↑q〉〈↑↓p, ↑↓q |
+ |A|4|β↓↑|2|β↑↓|2| ↑p, ↓q〉〈↑p, ↓q |
+ |A|2|β↓↑|2
(|β↑↓|4 + 1) | ↑p, ↑↓q〉〈↑p, ↑↓q |
+ |A|6|β↓↑|2| ↓p, 0q〉〈↓p, 0q|+ 2A∗3A|β↓↑|2| ↓p, 0q〉〈↑↓p, ↑q |
+ |A|4|β↓↑|2|β↑↓|2| ↓p, ↑q〉〈↓p, ↑q |
+ |A|4 (|β↓↑|4 + 1) | ↓p, ↓q〉〈↓p, ↓q |+ 2A∗2 (|β↓↑|4 + 1) | ↓p, ↓q〉〈↑↓p, ↑↓q |
+ |A|2|β↓↑|2
(|β↑↓|4 + 1) | ↓p, ↑↓q〉〈↓p, ↑↓q |
+ |A|4|β↓↑|2|β↑↓|2| ↑↓p, 0q〉〈↑↓p, 0q|
+ |A|2|β↓↑|2
(|β↑↓|4 + 1) | ↑↓p, ↑q〉〈↑↓p, ↑q |
+ |A|2|β↓↑|2
(|β↑↓|4 + 1) | ↑↓p, ↓q〉〈↑↓p, ↓q |
+
(|β↓↑|4 + 1) (|β↑↓|4 + 1) | ↑↓p, ↑↓q〉〈↑↓p, ↑↓q |]+ h.c., (52)
living in the Hilbert space C4 × C4. Taking the basis {|0p〉, | ↑p〉, | ↓p〉, | ↑↓p〉} ⊗ {|0q〉, | ↑q〉, | ↓q〉, | ↑↓q〉} we can
represent it as a 16 × 16 matrix. Then evaluating the eigenvalues of its partially transposed, according to (39) and
accounting for (41), we arrive at the logarithmic negativity in terms of n
LN
(
̺(out)p,q
)
=


2 log2
[
32−8n+n2
16
]
if 0 ≤ n ≤ 4(√2− 1)
log2
[
1792−768n+192n2−32n3+3n4
512
]
if 4(
√
2− 1) ≤ n ≤ 4
. (53)
Notice that LN is a monotonically decreasing function of n starting from maximum value (two) at n = 0 and reaching
the minimum value (zero) for n = 4. Although it is continuous, it presents a kink at n = 4(
√
2 − 1) where its first
derivative is discontinuous. This is due to the fact that some of the eigenvalues of
(
̺
(out)
pq
)PT
changes the sign at
n = 4(
√
2− 1).
A. Entanglement degradation for spin-less particles
For spin-less particles the maximally entangled state corresponding to (50) reads
|Φ〉in = 1√
2
(|0p, 0q〉+ |1p, 1q〉)in |0−p, 0−q〉in. (54)
To describe what out observer sees we use (46) and (47) on each mode and obtain
|Φ〉in = 1√
2(1 + |β/A|2)
(
|0p, 0q; 0−p, 0−q〉 − β
∗
A∗ |0p, 1q; 0−p, 1−q〉 −
β∗
A∗ |1p, 0q; 1−p, 0−q〉+
β∗2
A∗2 |1p, 1q; 1−p, 1−q〉
)
out
+
1√
2
(|1p, 1q; 0−p, 0−q〉)out , (55)
Also in this case we have assumed βd,−d(p) ≈ βd,−d(q) and A(p) ≈ A(q). Then, the density operator for particles
modes pq, can be derived by tracing |Φ〉in〈Φ| over anti-particle modes with momentum −p and −q in the out region
8̺
(out)
p,q = Tr−p−q(|Φ〉in〈Φ|). It results
̺(out)p,q =
1
4
[ |A|4
(|A|2 + |β|2)2 |0p, 0q〉〈0p, 0q|+
2|A|2
|A|2 + |β|2 |0p, 0q〉〈1p, 1q|+
|A|2|β|2
(|A|2 + |β|2)2 |0p, 1q〉〈0p, 1q|
+
|A|2|β|2
(|A|2 + |β|2)2 |1p, 0q〉〈1p, 0q|++
2(|A|2 + |β|2)2|β|4
2(|A|2 + |β|2)2 |1p, 1q〉〈1p, 1q|
]
+ h.c., (56)
living on the Hilbert space C2 ⊗ C2.
Proceeding like in Section IVA we arrive at
LN (ρ
out) = log2
[
1 +
(2 − n)2
4
]
. (57)
In this case LN is a smoothly decreasing function of n starting from maximum value (one) at n = 0 and reaching the
minimum value (zero) for n = 2.
VI. CONCLUSION
In summary we have addressed the issue of entanglement transformations in an expanding spacetime characterized
by Robertson-Walker metric. Being the latter flat in the remote past and far future we have first provided Bogolyubov
transformations for spin-particles between these two asymptotic regions. We have then shown particles-antiparticles
(modes p and −p) entanglement creation when passing from remote past to far future as well as particles (modes p
and q) entanglement degradation. For such cases we have derived analytical expressions of logarithmic negativity (for
spin particles as well as for spin-less ones) as function of the density n of created particles, thus relating entanglement
transformations to particles creation phenomenon.
It turns out that in the presence of spin the amount of created entanglement behaves qualitatively the same
of spin-less case. Quantitative differences arise to different dimensionality of the involved bipartite spaces (since
maxLN = log2(d
2) for bipartite systems living in Cd ⊗ Cd) and to different relations of Bogolyubov coefficients with
the density of created particles (see (41) and (43)).
Conversely for entanglement degradation there are also qualitative differences between spin and spin-less particles
cases. As matter of fact the decreasing rate of entanglement of a remote maximally entangled state of spin particles
presents a discontinuity. This should be ascribed to the presence of particles in remote past as well as to spin degrees
of freedom. These two ingredients increase the number of entries in the matrix representing the density operator and
due to their specific dependence from n it happens that some eigenvalues of its partially transposed change the sign
while varying n.
In conclusion, we have given evidences that entanglement transformations are inherently related to the spacetime
structure and highlighted the role of spin degrees of freedom. The found results besides deepening our understanding
about entanglement, could also offer the perspective of using entanglement as a tool to learn about curved space-
time features. Applications to specific cosmological models with the goal of deducing cosmological parameters from
entanglement remain matter for future studies.
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